Rules for integrands of the form P[x] (a+bx)" (c +dx)"

1. jP[x] (a+bx)" (c+dx)"dx whenbc+ad=0 A m==n

1: JP[X] (a+bx)" (c+dx)"dx whenbc+ad=0 Am=nA (MeEZ V a>0 A c>0)

Derivation: Algebraic simplification
Basis:if bc+ad=0 A (meZ VvV a>0 A c>0),then (a+bx)" (c+dx)"= (ac+bdx?)"

Rule:lf bc+ad=0 Am=nA (mMmeZV a>0 A c>0),then

JP[X] (a+bx)" (c+dx)"dx — jP[x] (ac+bdx?)"dx

Program code:

Int[Px_x(a_.+b_.*x_)" m_.*(c_.+d_.*x_)"n_.,x_Symbol] :=
Int [Px* (a*C+bxdxx~2)~m,x] /;
FreeQ[{a,b,c,d,m,n},x] &% PolyQ[Px,x] && EqQ[bxc+axd,0] && EqQ[m,n] && (IntegerQ[m] || GtQ[a,0] && GtQ[c,0])



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n

2: JP[X] (a+bx)" (c+dx)"dx whenbc+ad=0 Am=n Am¢z

Derivation: Piecewise constant extraction

Basis: If b c + ad == 0, then 9, {a:bx)"(c2dx)T __ g
(ac+bdx?)

Rule:lf bc+ad =0 Am=n A m¢ Z,then

(a +b X) FracPart[m] (C +d X) FracPart[m]

(a c+bd XZ) FracPart[m]

JP[X] (a+bx)" (c+dx)"dx — JP[X] (ac+bdx*)"dx

Program code:

Int[Px_x(a_.+b_.*x_)"m_x (c_.+d_.*x_)”"n_,x_Symbol] :=
(a+bxx) *FracPart[m] » (c+d*x) *FracPart[m] / (axc+bxd*x”~2) *FracPart [m] *Int [Px* (a*C+bxd*x*2) *m,x] /;
FreeQ[{a,b,c,d,m,n},x] &% PolyQ[Px,x] && EqQ[bxc+axd,0] && EqQ[m,n] && Not[IntegerQ[m]]



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n

2: jP[x] (a+bx)" (c +dx)"dx when PolynomialRemainder[P[x], a+bx, x] =0

Derivation: Algebraic expansion

Basis: If PolynomialRemainder [P [x], a + b x, x] = 0, then
P[x] == (a+bx) PolynomialQuotient[P[x], a +b X, X]

Rule: If PolynomialRemainder [P[x], a + b x, x] = 0, then

fP[x] (a+bx)" (c+dx)"dx — JPolynomialQuotient [P[x], a+bx, x] (a+bx)™? (c+dx)"dx

Program code:

Int[Px_x(a_.+b_.*x_)"m_.*(c_.+d_.*x_)"n_.,x_Symbol] :=
Int[PolynomialQuotient [PX,a+bxX,X] (a+bxx)~ (m+1) x (c+d»x)”n,x]| /;
FreeQ[{a,b,c,d,m,n},x] && PolyQ[Px,x] & EqQ[PolynomialRemainder [Px,a+bxx,x],0]



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n

P[x] (c+dx)"
3: J‘de whenn+ *ez-
a+bx 2

Derivation: Algebraic expansion

Rule: If n + % € 7", then

1
P[x] (c+dx)" 1 P[x] (c+dx)™z
M dx — e ExpandIntegr‘and[u, x] dx
a+bx Ve+dx a+bx

Program code:
Int[Px_*(c_.+d_.*x_)"n_./(a_.+b_.*x_),x_Symbol] :=

Int [ExpandIntegrand[1/Sqrt[c+d*Xx],Px* (c+d*Xx)”(n+1/2) / (a+b*x) ,x],x] /;
FreeQ[{a,b,c,d,n},x] && PolyQ[Px,x] &% ILtQ[n+1/2,0] & GtQ[Expon[Px,x],2]

4: JP[x] (@a+bx)" (c+dx)"dx when (m|n) ez Vm+2ez*

Derivation: Algebraic expansion

Rule:If (m | n) ez vm+2eZ*, then

JP[X] (a+bx)" (c+dx)"dx — JExpandIntegrand[P[x] (@a+bx)" (c+dx)", x] dx

Program code:

Int[Px_x(a_.+b_.*x_)"m_.*(c_.+d_.*x_)"n_.,x_Symbol] :=
Int [ExpandIntegrand [Pxx (a+b*Xx) *m* (c+d*X)*n,x],x] /;
FreeQ[{a,b,c,d,m,n},x] &% PolyQ[Px,x] && (IntegersQ[m,n] || IGtQ[m,-2]) && GtQ[Expon[Px,x],2]



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n

5:JHx]w+bxW(c+dm“dXWMnm<4

Derivation: Algebraic expansion and linear recurrence 3

Basis: Let Q[x] - PolynomialQuotient[P[x], a+bx, x]and R - PolynomialRemainder [P[x], a + b x, Xx],then
P[x] =Q[Xx] (a+bx) +R

Note: If the integrand has a negative integer exponent, incrementing it, rather than another negative fractional
exponent, produces simpler antiderivatives.

Rule: If m < -1, let Q[x] - PolynomialQuotient[P[x], a+bx, x]and R — PolynomialRemainder [P[x], a + b x, x],then

JP[X] (a+bx)" (c+dx)"dx —

JQ[X] (a+bx)™? (c+dx)"dlx+RJ(a+bx)'“ (c+dx)"dx —

R@+bx)™! (c+dx)™?! 1

(m+1) (bc-ad) +(m+1)(bc—

p J(a+bx)’“*1 (c+dx)" ((m+1) (bc-ad) Q[x] -dR (m+n+2)) dx
ad)

Program code:

Int[Px_=(a_.+b_.*x_)"m_= (c_.+d_.*x_)”"n_.,x_Symbol] :=
With[{Qx=PolynomialQuotient [Px,a+b#x,x], R=PolynomialRemainder [Px,a+bxX,x]},
R* (a+b*x) ~ (m+1) * (c+d*x) ~*(n+1) / ((m+1) * (bxc-axd)) +
1/((m+1)*(b*c—a*d))*Int[(a+b*x)A(m+1)*(c+d*x)An*ExpandToSum[(m+1)*(b*c—a*d)*Qx—d*R*(m+n+2),x],x]] /3
FreeQ[{a,b,c,d,n},x] & & PolyQ[Px,x] &% ILtQ[m,-1] && GtQ[Expon[Px,x],2]

Int[Px_x(a_.+b_.*x_)" m_x (c_.+d_.*x_)”"n_.,x_Symbol] :=

With[{Qx=PolynomialQuotient [Px,a+b*x,Xx], R=PolynomialRemainder [Px,a+bxx,x]},

Rx (a+bxXx) A (m+1) » (C+d*x)~(n+1) / ((m+1) » (bxc-axd)) +

1/ ((m+1) * (bxc-axd) ) *Int [ (a+bxx) " (m+1) » (c+d*Xx) *nxExpandToSum[ (m+1) = (bxc-axd) *Qx-d*R* (m+n+2) ,x] ,X] ] /5
FreeQ[{a,b,c,d,n},x] && PolyQ[Px,x] && LtQ[m,-1] && GtQ[Expon[Px,x],2]



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n

6:J}dx]w+bxﬂ(c+dm"dXWMnm+n+q+1¢0

Derivation: Algebraic expansion and linear recurrence 2

Rule: If m+n+q+1#0,then

JPq[x] (a+bx)" (c+dx)"dx —

Pq [X, Pq X,
J[Pq[x] - % (a+bx)q] (a+bx)™ (c+dx)"dx + %j(mbx)m*q (c+dx)"dx —

Po[X, q] (a+bx)™d (c+dx)"?! 1
LI + j(a+bx)'“ (c+dx)".
dbf (m+n+q+1) dbf (m+n+q+1)

(db% (m+n+q+1) Pg[x] -dPg[x, q] (mM+n+q+1) (a+bx)%-Pg[x, q] (bc-ad) (m+q) (a+bx)9?) dx

Program code:

Int[Px_x(a_.+b_.#*x_)" m_.*(c_.+d_.*x_)"n_.,x_Symbol] :=
With [ {q=Expon [Px,x],k=Coeff [Px,X,Expon[Px,x]]},
k* (a+bxx) ~ (m+q) * (c+d*x) ~* (n+1) / (dxb”q* (m+n+q+1)) +
1/ (dxb”*g* (m+n+q+1) ) *Int[ (a+b*x) *mx (c+d*Xx) *nx
ExpandToSum[dxb”q* (m+n+q+1) *Px-dxk* (m+n+gq+1) * (a+bxx) *q-k* (bxc-axd) * (m+q) * (a+bxx) ~ (q-1) ,x],x] /;
NeQ[m+n+q+1,0]] /3
FreeQ[{a,b,c,d,m,n},x] &% PolyQ[Px,x] && GtQ[Expon[Px,x],2]



